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Abstract
In this paper, it is proved that every weakly continuous local 2-cocycle of a nest subalgebra of a factor
von Neumann algebra with coefficients in the factor von Neumann algebra is a 2-cocycle.
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1. Introduction
LetA be an algebra and E be anA-bimodule. Recall that a 2-cocycle ofA with coefficients
in E is a bilinear map θ :A×A→ E with the property that aθ(b, c) − θ(ab, c) + θ(a, bc) −
θ(a, b)c = 0 for all a, b and c in A. A bilinear mapping ψ :A×A→ E is called a local 2-
cocycle ofA with coefficients in E if for each pair (a, b) inA×A there is a 2-cocycle ψa,b of
A with coefficients in E, depending on (a, b), such that ψ(a, b) = ψa,b(a, b).
The originators of the study of local mappings are Kadison and Larson and Sourour. Kadison [7]
studied local derivations (local 1-cocycles) from a von Neumann algebra into a dual bimodule and
proved that every norm continuous linear local derivation is a derivation. Independently, Larson
and Sourour [9] proved the same result for B(X), the algebra of all bounded linear operators on
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a Banach space X. Since then, a considerable amount of work has been done concerning local
derivations and local automorphisms on various algebras [1–3,6,9–13]. The interest in the type
of mappings was motivated by the study of the cohomology program for operator algebras and
the problem raised by Kadison and Ringrose whether the norm continuous cohomology groups
of an arbitrary von Neumann algebra with coefficients in itself are trivial. Until now the problem
remains open. In [7], Kadison suggested that local higher cohomology (for example, local 2-
cocycles) should be examined. The author [12] proved that every norm continuous local 2-cocycle
of a von Neumann algebra with coefficients in a dual bimodule is a 2-cocycle. The presentation
is devoted to the study of local 2-cocycles of nest subalgebras of factor von Neumann algebras.
It is shown that every weakly continuous local 2-cocycle of an arbitrary nest subalgebra of any
factor von Neumann algebra with coefficients in the factor von Neumann algebra is a 2-cocycle.
Let M be a von Neumann algebra acting on a separable Hilbert space H. A nest β in M is
a totally ordered family of (selfadjoint) projections in M which is closed in the strong operator
topology, and which includes 0 and I . Let P be a projection in β, we define
P+ = inf{Q ∈ β : Q > P } and P− = sup{Q ∈ β : Q < P }.
The nest subalgebra of M associated to a nest β, denoted by algMβ, is the set
algMβ = {T ∈ M : PT P = T P for all P ∈ β}.
The diagonal DM(β) of a nest subalgebra algMβ is the von Neumann subalgebra (algMβ) ∩
(algMβ)∗. LetRM(β)denote the norm closed algebra generated by {PT (I − P) : T ∈M,P ∈β}.
It is clear that RM(β) is a norm closed ideal of the nest subalgebra algMβ. If M is a factor von
Neumann algebra, it follows from [5] that DM(β) +RM(β) is weakly dense in algMβ. As a
notational convenience, if E is an idempotent, we let E⊥ denote I − E throughout this paper.
We refer the reader to [8] for background information about von Neumann algebras, and to [4]
for the theory of nest algebras.
2. Main result
In this paper, our main result is the following theorem.
Theorem 2.1. Let β be an arbitrary nest in any factor von Neumann algebra M, and ψ be a
weakly continuous local 2-cocycle of the nest subalgebra algMβ with coefficients in M. Then
Aψ(B,C) − ψ(AB,C) + ψ(A,BC) − ψ(A,B)C = 0
for all A,B and C in algMβ.
To prove Theorem 2.1, we need some lemmas. We assume that β is a nest in a factor von
Neumann algebra M , and that ψ is a norm continuous local 2-cocycle of the nest subalgebra
algMβ with coefficients in M . The following lemma is immediate from the definition of ψ .
Lemma 2.1. If AB = BC = CD = 0 for A,B,C,D ∈ algMβ, then Aψ(B,C)D = 0.
Lemma 2.2
(a) ψ(A, I) = Aψ(I, I ) for all A ∈ algMβ;
(b) ψ(I, B) = ψ(I, I )B for all B ∈ algMβ.
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Proof. (a) For eachA ∈ algMβ, we defineω(A) = ψ(A, I). It is clear that ω is a norm continuous
linear mapping from algMβ into M . If T ∈ algMβ is such that TA = 0, it follows from the
definition of ψ that there exists a 2-cocycle ψA,I of algMβ with coefficients in M such that
ψ(A, I) = ψA,I (A, I). Then
AψA,I (I, I ) − ψA,I (A, I) + ψA,I (A, I) − ψA,I (A, I) = 0,
and so T ω(A) = 0. In particular, we have
E⊥ω(EA) = Eω(E⊥A) = 0 (1)
for all idempotents E ∈ algMβ. It follows from Eq. (1) that
ω(EA) = Eω(A). (2)
Since ω is norm continuous and the set of finite linear combinations of projections in DM(β) is
norm dense in DM(β) [8, Theorem 5.2.2], we obtain from Eq. (2) that
ω(DA) = Dω(A) (3)
for all D ∈ DM(β). Let T ∈ M and P ∈ β, then P + PT P⊥ is an idempotent in algMβ, and so
by Eq. (2) we have
ω(PT P⊥A) = PT P⊥ω(A) (4)
for all T ∈ M and all P ∈ β. Since ω is norm continuous and the linear span of {PT P⊥ : T ∈
M,P ∈ β} is norm dense in RM(β), we obtain from Eq. (4) that
ω(RA) = Rω(A) (5)
for all R ∈ RM(β). Hence by Eqs. (3) and (5), we have
ω(XA) = Xω(A) (6)
for all X ∈ DM(β) +RM(β). If Q = 0+ /= 0, then QT ∈ DM(β) +RM(β) for all T ∈ M .
Hence by Eq. (6), we have
ω(QTAB) = QTω(AB) (7)
for all A,B ∈ algMβ and all T ∈ M . On the other hand, we have from Eq. (6) again
ω(QTAB) = QTAω(B). (8)
This and Eq. (7) give us that QT [ω(AB) − Aω(B)] = 0 for all T ∈ M . Since M is a factor
von Neumann algebra, we have
ω(AB) = Aω(B) (9)
for all A,B ∈ algMβ. If 0+ = 0, then there exists a decreasing sequence Pn of projections in
β \ {0} which converges strongly to 0. Hence by Eq. (6), we have
ω(PnT P
⊥
n AB) = PnT P⊥n ω(AB) (10)
for all A,B ∈ algMβ and all T ∈ M . On the other hand, it follows from Eq. (6) that
ω(PnT P
⊥
n AB) = PnT P⊥n Aω(B). (11)
This and Eq. (10) show that PnT P⊥n [ω(AB) − Aω(B)] = 0 for all T ∈ M , and so P⊥n [ω(AB) −
Aω(B)] = 0 for all n ∈ N. Letting n → ∞, we have
ω(AB) = Aω(B) (12)
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for all A,B ∈ algMβ. Taking B = I in Eq. (9) or (12), we obtain from the definition of ω that
ψ(A, I) = Aψ(I, I ) for all A ∈ algMβ.
(b) For each B ∈ algMβ, we define δ(B) = ψ(I, B). Then δ is a norm continuous linear
mapping from algMβ into M . Similarly, we can show that
δ(BX) = δ(B)X (13)
for all X ∈ DM(β) +RM(β). If G = I− /= I , then TG⊥ ∈ DM(β) +RM(β) for all T ∈ M .
Hence by Eq. (13), we have
δ(ABTG⊥) = δ(AB)TG⊥ (14)
for all A,B ∈ algMβ and all T ∈ M . On the other hand, it follows from Eq. (13) that
δ(ABTG⊥) = δ(A)BTG⊥. (15)
This and Eq. (14) give us that [δ(AB) − δ(A)B]TG⊥ = 0 for all T ∈ M . Since M is a factor
von Neumann algebra, we have
δ(AB) = δ(A)B (16)
for all A,B ∈ algMβ. If I− = I , then there exists an increasing sequence Pn of projections in
β \ {I } which converges strongly to I . Hence by Eq. (13), we have
δ(ABPnT P
⊥
n ) = δ(AB)PnT P⊥n (17)
for all A,B ∈ algMβ and all T ∈ M . On the other hand, it follows from Eq. (13) and the fact
BPn = PnBPn that
δ(ABPnT P
⊥
n ) = δ(A)BPnT P⊥n . (18)
This and Eq. (17) show that [δ(AB) − δ(A)B]PnT P⊥n = 0 for all T ∈ M , and so [δ(AB) −
δ(A)B]Pn = 0 for all n ∈ N. Letting n → ∞, we have
δ(AB) = δ(A)B (19)
for all A,B ∈ algMβ. Taking A = I in Eq. (16) or (19), we obtain from the definition of δ that
ψ(I, B) = ψ(I, I )B for all B ∈ algMβ. The proof is complete. 
Let A,B ∈ algMβ, we define ρ(A,B) = Aψ(I, I )B. It is clear that ρ is a bilinear mapping.
A straightforward computation shows that
Aρ(B,C) − ρ(AB,C) + ρ(A,BC) − ρ(A,B)C = 0
for all A,B and C in algMβ. That is, ρ is a 2-cocycle. We set
ϕ(A,B) = ψ(A,B) − ρ(A,B).
Then ϕ is also a local 2-cocycle, and by Lemma 2.2, we have
ϕ(A, I) = ϕ(I, B) = 0
for all A,B ∈ algMβ. Therefore, without loss of generality, we can assume that ψ(A, I) =
ψ(I, B) = 0 for all A,B in algMβ throughout this section.
Lemma 2.3. Let A,B ∈ algMβ, and E,F,G ∈ algMβ be idempotents. Then
(a) Eψ(E⊥AF,BG⊥)G = Eψ(E⊥A,FBG⊥)G;
(b) E⊥ψ(EAF,BG⊥)G = E⊥ψ(EA,FBG⊥)G;
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(c) Eψ(E⊥AF,BG)G⊥ = Eψ(E⊥A,FBG)G⊥;
(d) E⊥ψ(EAF,BG)G⊥ = E⊥ψ(EA,FBG)G⊥.
Proof. (a) It follows from Lemma 2.1 that
Eψ(E⊥AF,F⊥BG⊥)G = Eψ(E⊥AF⊥, FBG⊥)G = 0.
This implies that
Eψ(E⊥AF,BG⊥)G=Eψ(E⊥AF,FBG⊥)G + Eψ(E⊥AF,F⊥BG⊥)G
=Eψ(E⊥AF,FBG⊥)G + Eψ(E⊥AF⊥, FBG⊥)G
=Eψ(E⊥A,FBG⊥)G.
Replacing E or G by E⊥ or G⊥ in the above equation respectively, we can obtain that (b), (c)
and (d) hold. The proof is complete. 
Lemma 2.4. Eψ(AF,BG) − ψ(EAF,BG) + ψ(EA,FBG) − ψ(EA,FB)G = Eψ(A,
FBG) − Eψ(A,FB)G + Eψ(AF,B)G − ψ(EAF,B)G for all A,B and all idempotents
E,F,G in algMβ.
Proof. It is clear that
Eψ(AF,BG) − ψ(EAF,BG) + ψ(EA,FBG) − ψ(EA,FB)G
= Eψ(EAF,BG) + Eψ(E⊥AF,BG) − ψ(EAF,BG)
+ ψ(EA,FBG) − ψ(EA,FBG)G − ψ(EA,FBG⊥)G
= ψ(EA,FBG)G⊥ − ψ(EA,FBG⊥)G
+ Eψ(E⊥AF,BG) − E⊥ψ(EAF,BG)
= Eψ(EA,FBG)G⊥ + E⊥ψ(EA,FBG)G⊥ − Eψ(EA,FBG⊥)G
− E⊥ψ(EA,FBG⊥)G + Eψ(E⊥AF,BG)G + Eψ(E⊥AF,BG)G⊥
− E⊥ψ(EAF,BG)G − E⊥ψ(EAF,BG)G⊥.
Hence by Lemma 2.3, we have
Eψ(AF,BG) − ψ(EAF,BG) + ψ(EA,FBG) − ψ(EA,FB)G
= Eψ(A,FBG)G⊥ − E⊥ψ(EAF,B)G
+ Eψ(E⊥AF,BG)G − Eψ(EA,FBG⊥)G
= Eψ(A,FBG)G⊥ − E⊥ψ(EAF,B)G + Eψ(E⊥AF,B)G
− Eψ(E⊥AF,BG⊥)G − Eψ(A,FBG⊥)G + Eψ(E⊥A,FBG⊥)G
= Eψ(A,FBG)G⊥ − E⊥ψ(EAF,B)G
+ Eψ(E⊥AF,B)G − Eψ(A,FBG⊥)G
= Eψ(A,FBG) − Eψ(A,FB)G + Eψ(AF,B)G − ψ(EAF,B)G
for all A,B and all idempotents E,F,G in algMβ. The proof is complete. 
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Taking A = B = I in Lemma 2.4, we have the following corollary.
Corollary 2.1. Eψ(F,G) − ψ(EF,G) + ψ(E,FG) − ψ(E,F )G = 0 for all idempotents
E,F,G ∈ algMβ.
Proposition 2.1. LetA be a unital Banach algebra such that the linear span of all its idempotents
is norm dense inA, andE be a normedA-bimodule. Then every norm continuous local 2-cocycle
ofA with coefficients in E is a 2-cocycle. In particular, every norm continuous local 2-cocycle
of an arbitrary von Neumann algebra with coefficients in a normed bimodule is a 2-cocycle.
Proof. Let  be a norm continuous local 2-cocycle ofA with coefficients in E. It follows from
the proof of Lemma 2.2 that (EA, I) = E(A, I) and (I, AE) = (I, A)E for all A and all
idempotents E inA. This implies that(BA, I) = B(A, I) and(I, AB) = (I, A)B for all
A,B ∈A. In particular, we have (B, I ) = B(I, I ) and (I, B) = (I, I )B for all B ∈A.
This together with the same proof as in Lemma 2.4 gives us that E(F,G) − (EF,G) +
(E, FG) − (E, F )G = 0 for all idempotentsE,F,G ∈A. HenceA(B,C) − (AB,C) +
(A,BC) − (A,B)C = 0 for all A,B,C ∈A. That is,  is a 2-cocycle. The proof is
complete. 
Proof of Theorem 2.1. Since ψ is weakly continuous andDM(β) +RM(β) is weakly dense in
algMβ, it suffices to prove that
Xψ(Y,Z) − ψ(XY,Z) + ψ(X, YZ) − ψ(X, Y )Z = 0
for all X, Y,Z ∈ DM(β) +RM(β). It follows from Proposition 2.1 that
D1ψ(D2,D3) − ψ(D1D2,D3) + ψ(D1,D2D3) − ψ(D1,D2)D3 = 0 (20)
for allD1,D2,D3 ∈ DM(β). LetP ∈ β and T ∈ M , thenP + PT P⊥ is an idempotent in algMβ,
and so by Corollary 2.1,
0 = Fψ(G,P + PT P⊥) − ψ(FG,P + PT P⊥)
+ ψ(F,GP + GPT P⊥) − ψ(F,G)(P + PT P⊥)
= Fψ(G,PT P⊥) − ψ(FG,PT P⊥) + ψ(F,GPT P⊥) − ψ(F,G)PT P⊥
+ Fψ(G,P ) − ψ(FG,P ) + ψ(F,GP) − ψ(F,G)P
= Fψ(G,PT P⊥) − ψ(FG,PT P⊥) + ψ(F,GPT P⊥) − ψ(F,G)PT P⊥
for all projections F,G ∈ DM(β). Since ψ is norm continuous and the set of finite linear combi-
nations of projections inDM(β) is norm dense inDM(β) [8, Theorem 5.2.2], and the linear span
of {PT P⊥ : T ∈ M,P ∈ β} is norm dense in RM(β), we have from the above equation that
D1ψ(D2, R3) − ψ(D1D2, R3) + ψ(D1,D2R3) − ψ(D1,D2)R3 = 0 (21)
for all D1,D2 ∈ DM(β) and all R3 ∈ RM(β). Similarly, we can show that
D1ψ(R2,D3) − ψ(D1R2,D3) + ψ(D1, R2D3) − ψ(D1, R2)D3 = 0, (22)
R1ψ(D2,D3) − ψ(R1D2,D3) + ψ(R1,D2D3) − ψ(R1,D2)D3 = 0 (23)
for all D1,D2,D3 ∈ DM(β) and all R1, R2 ∈ RM(β).
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Let P,Q ∈ β and T , S ∈ M , then P + PT P⊥ and Q + QSQ⊥ are idempotents in algMβ,
and so by Corollary 2.1 and Eq. (21),
0 = Fψ(Q + QSQ⊥, P + PT P⊥) − ψ(F(Q + QSQ⊥), P + PT P⊥)
+ ψ(F, (Q + QSQ⊥)(P + PT P⊥)) − ψ(F,Q + QSQ⊥)(P + PT P⊥)
= Fψ(Q + QSQ⊥, PT P⊥) − ψ(F(Q + QSQ⊥), PT P⊥)
+ ψ(F, (Q + QSQ⊥)PT P⊥) − ψ(F,Q + QSQ⊥)PT P⊥
+ Fψ(Q + QSQ⊥, P ) − ψ(F(Q + QSQ⊥), P )
+ ψ(F, (Q + QSQ⊥)P ) − ψ(F,Q + QSQ⊥)P
= Fψ(Q + QSQ⊥, PT P⊥) − ψ(F(Q + QSQ⊥), PT P⊥)
+ ψ(F, (Q + QSQ⊥)PT P⊥) − ψ(F,Q + QSQ⊥)PT P⊥
= Fψ(QSQ⊥, PT P⊥) − ψ(FQSQ⊥, PT P⊥) + ψ(F,QSQ⊥PT P⊥)
− ψ(F,QSQ⊥)PT P⊥ + Fψ(Q,PT P⊥) − ψ(FQ,PT P⊥)
+ ψ(F,QPT P⊥) − ψ(F,Q)PT P⊥
= Fψ(QSQ⊥, PT P⊥) − ψ(FQSQ⊥, PT P⊥)
+ ψ(F,QSQ⊥PT P⊥) − ψ(F,QSQ⊥)PT P⊥
for all projections F ∈ DM(β). This implies that
D1ψ(R2, R3) − ψ(D1R2, R3) + ψ(D1, R2R3) − ψ(D1, R2)R3 = 0 (24)
for all D1 ∈ DM(β) and all R2, R3 ∈ RM(β). Similarly, we can obtain that
R1ψ(D2, R3) − ψ(R1D2, R3) + ψ(R1,D2R3) − ψ(R1,D2)R3 = 0, (25)
R1ψ(R2,D3) − ψ(R1R2,D3) + ψ(R1, R2D3) − ψ(R1, R2)D3 = 0 (26)
for all D2,D3 ∈ DM(β) and all R1, R2, R3 ∈ RM(β).
Let P,Q,E ∈ β and T , S,K ∈ M , then P + PT P⊥,Q + QSQ⊥ and E + EKE⊥ are
idempotents in algMβ. Hence by Corollary 2.1 and Eqs. (21), (24) and (25), we have
0 = (P + PT P⊥)ψ(Q + QSQ⊥, E + EKE⊥)
− ψ((P + PT P⊥)(Q + QSQ⊥), E + EKE⊥)
+ ψ(P + PT P⊥, (Q + QSQ⊥)(E + EKE⊥))
− ψ(P + PT P⊥,Q + QSQ⊥)(E + EKE⊥)
= (P + PT P⊥)ψ(Q + QSQ⊥, EKE⊥)
− ψ((P + PT P⊥)(Q + QSQ⊥), EKE⊥)
+ ψ(P + PT P⊥, (Q + QSQ⊥)EKE⊥)
− ψ(P + PT P⊥,Q + QSQ⊥)EKE⊥
= PT P⊥ψ(QSQ⊥, EKE⊥) + Pψ(QSQ⊥, EKE⊥)
+ PT P⊥ψ(Q,EKE⊥) + Pψ(Q,EKE⊥)
− ψ(PT P⊥QSQ⊥, EKE⊥) − ψ(PQSQ⊥, EKE⊥)
− ψ(PT P⊥Q,EKE⊥) − ψ(PQ,EKE⊥)
+ ψ(PT P⊥,QSQ⊥EKE⊥) + ψ(P,QSQ⊥EKE⊥)
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+ ψ(PT P⊥,QEKE⊥) + ψ(P,QEKE⊥)
− ψ(PT P⊥,QSQ⊥)EKE⊥ − ψ(P,QSQ⊥)EKE⊥
− ψ(PT P⊥,Q)EKE⊥ − ψ(P,Q)EKE⊥
= PT P⊥ψ(QSQ⊥, EKE⊥) − ψ(PT P⊥QSQ⊥, EKE⊥)
+ ψ(PT P⊥,QSQ⊥EKE⊥) − ψ(PT P⊥,QSQ⊥)EKE⊥.
Since ψ is norm continuous and the linear span of {PT P⊥ : T ∈ M,P ∈ β} is norm dense in
RM(β), we have from the above equation that
R1ψ(R2, R3) − ψ(R1R2, R3) + ψ(R1, R2R3) − ψ(R1, R2)R3 = 0 (27)
for all R1, R2, R3 ∈ RM(β). Let X, Y,Z ∈ DM(β) +RM(β), then
X = D1 + R1, Y = D2 + R2 and Z = D3 + R3,
where D1,D2,D3 ∈ DM(β) and R1, R2, R3 ∈ RM(β). It follows from Eqs. (20)–(27) that
Xψ(Y,Z) − ψ(XY,Z) + ψ(X, YZ) − ψ(X, Y )Z = 0
for all X, Y,Z ∈ DM(β) +RM(β). The proof is complete. 
Let β be a finite nest in a factor von Neumann algebra M , it is clear thatDM(β) +RM(β) =
algMβ. Hence by the proof of Theorem 2.1, we have the following corollary.
Corollary 2.2. Let β be a finite nest in a factor von Neumann algebra M. Then every norm
continuous bilinear local 2-cocycle of the nest subalgebra algMβ with coefficients in M is a
2-cocycle.
Example 2.1. A bilinear local 2-cocycle of a subalgebra of M3(C) with coefficients in itself,
which is not a 2-cocycle.
Let {Eij }be the standard matrix units ofM3(C), andAbe the algebraCI+span{E12, E13, E23}.
For each A = (aij ) and B = (bij ) inA, we define
φ(A,B) = a12(b12E12 + b13E13 + b23E23).
It is clear that φ is a bilinear mapping fromA×A intoA.
In the case when b12 = 0, we define
φ1(X, Y ) = x12(2y12E12 + y13E13 + y23E23)
for all X = (xij ) and Y = (yij ) inA. Then φ1 is a bilinear mapping fromA×A intoA, and
φ(A,B) = φ1(A,B). For each Z = (zij ) ∈A, we have from the definition of φ1 that
Zφ1(X, Y ) − φ1(ZX, Y ) + φ1(Z,XY) − φ1(Z,X)Y
= x12(z11I + z12E12 + z13E13 + z23E23)(2y12E12 + y13E13 + y23E23)
− (z11x12 + z12x11)(2y12E12 + y13E13 + y23E23) + 2z12(x11y12 + x12y11)E12
+ z12(x11y13 + x12y23 + x13y11)E13 + z12(x11y23 + x23y11)E23
− z12(2x12E12 + x13E13 + x23E23)(y11I + y12E12 + y13E13 + y23E23)
= 0.
This implies that φ1 is a 2-cocycle ofA with coefficients in itself.
916 J.-H. Zhang et al. / Linear Algebra and its Applications 416 (2006) 908–916
In the case when b12 /= 0, we define
φ2(X, Y ) = x12(y12E12 + y12b−112 b13E13 + y23E23)
for all X = (xij ) and Y = (yij ) inA. Then φ2 is a bilinear mapping fromA×A intoA, and
φ(A,B) = φ2(A,B). On the other hand, it follows from the definition of φ2 that
Zφ2(X, Y ) − φ2(ZX, Y ) + φ2(Z,XY) − φ2(Z,X)Y
= x12(z11I + z12E12 + z13E13 + z23E23)(y12E12 + y12b−112 b13E13 + y23E23)
− (z11x12 + z12x11)(y12E12 + y12b−112 b13E13 + y23E23)
+ z12(x11y12 + x12y11)(E12 + b−112 b13E13) + z12(x11y23 + x23y11)E23
− z12(x12E12 + x12b−112 b13E13 + x23E23)(y11I + y12E12 + y13E13 + y23E23)
= 0.
This shows that φ2 is a 2-cocycle ofA with coefficients in itself. Thus φ is a local 2-cocycle of
A with coefficients in itself.
Let A = E12 + E23, it follows from the definition of φ that
Aφ(A,A) − φ(A2, A) + φ(A,A2) − φ(A,A)A
= A(E12 + E23) + E13 − (E12 + E23)A = E13.
We conclude that φ is a bilinear local 2-cocycle of A with coefficients in itself, which is not a
2-cocycle.
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